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Abstract. A A-language over a simple type structure is considered. Type B=(O7>0O)~> 
((O+0O)+(O-70)) is called a binary word type because of the isc-iorphism between words 
over a binary alphabet and closed terms of this type. Therefore, any term of type B- 
(B> +--+ -+(B->B)---) represents an n-ary word function. The problem is: what class of word 
functiviss aze represented by the closed terms of the examined type. It is proved that there exists 
a finite base of word functions such that any A-definable word function is some composition of 
functions from the base. The algorithm which, for every closed term, returns the function in the 
form of a composition of basic operations is given. The main result is proved for a binary alphabet 
only, but can be easily extended to any finite alphabet. This result is a natural extension of the 
Schwichtenberg theorem (see Schwichtenberg (1975) and Statman (1979)) which solves the same 
problem for the natural number type N =(O>.0)>(O- 0). 


Notations 


We denote by N the set of nonnegative integers. The interval {1,2,...,n} is 
denoted by [n] and the interval {0, 1,..., n} by [n]. = is a binary alphabet {a, b}. 
By =* we mean the set of all words over 2. The empty word is denoted by A. We 
will use the following notation: if n €N, then by (n) we mean the word a... a with 
n occurrences of the letter a (with (0) = A). By c(n, w) we denote the n-ary function 
(*)"-+ 5* which maps onto the word w constantly. If w is a word, then |w] is 
the number of letters in w (with |A] =0). We have |(n)] =n for any number n EN. 


1. Typed A-calculus 


Our language is based on the Church’s [13] simple theory of types. The set of 
types is introduced as follows; O is a type and if 7 and p are types, then 7> p is 
a type. We will use the following notation; if 7,,...,7,, T are types, then by 


* The research described in this paper was done while author was at Jagiellonian University, Krakow 
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Tis... Tp 27 We understand the type 7,> (12> *::>(7,>7T)**-+). By T">m we 
mean the type 7,..., 7> with n occurrences of r (with 7° > u = p). Therefore, 
every type 7 has a form 7,,..., Tn > O. The type 7, is called the component of 7 
and is denoted by z[i]. By 7Li,,..., ik] we mean 7z[i,]...[i,]. For any type 7 we 
define numbers arg(7) and rank(7) as follows: arg(O) =rank(O)=0 and if r= 
r[1],..., 7[n]—> O, then arg(r) =n and rank(7) = max;_,,...,, (rank(7[i]))+1. For 
any type 7 a denumerable set of variables V(r) is given. A set of terms is a minimal 
set containing variables and which is closed for application and abstraction rules; 
i.e., if T is a term of type T> p and S is a term of type 7, then TS is a term of type 
u; and if x is variable of type 7 and T is a term of type u, then ax. T is a term of 
type r>w. If T is a term of type 7, we write Ter. We shall use the notation 
ÀAX;X2... Xp. T for term Ax,.(Ax2...(Ax,.T)...) and TS,S,...S, for 
(...((TS,)S2)...5S,). If T is a term and x is a variable of the same type as a term 
S, then T[x/S] denotes the term obtained by substitution of the term S for each 
free occurrence of x in T. 

The axioms of equality between terms have the form of a, 8, and 7 conversions 
(see [1,3]) and the convertible terms will be written as T=,, S. All terms are 
considered modulo a, B, and 7 conversions. By Cl(7) we mean the set of all closed 
(without free variables) terms of type 7. If Y is a set of variables, then Cl(7, Y) is 
the set of all terms of type 7 with only free variables from Y. Obviously, Cl(7, Ø) = 
Cl(r) and Cl(7,0)cCI(z, Y) Term T is in long normal form iff T= 
AX,...XyyT,... Tk, where y is an x; for ie[n] or y is a free variable, and T,, for 
each je[k], is in long normal form and yT, ... T, is a term of type O. It is easy to 
prove that long normal forms exist and are unique for Bn conversions (compare 
[10] or ®-normal form in [2]). Let us introduce a complexity measure 7 for closed 
terms. If T is a closed term written in normal form and T=Ax,...x,.X;, then 
wi T)=O.1f T) Ax... XXT -. . T,, then w(T) =maxjo,,....(m(Ax,... XT) +1. 
For a closed term S, w(S) is defined as 7(T) for T in long normai form such that 
S =p, T. 


2. Term grammars 


Let NT be a finite or denumerable set of variables (the elements of NT correspond 
to nonterminal elements in the classical grammars). A production is a pair (y, T) 
also denoted by y= T, where variable ye NT, y and T have the common type r, 
and TecCl(7, NT). A grammar is a finite or denumerable set of productions. The 


relation of the indirect production >in the grammar G is defined by induction as 
follows: 


if y>TeG, then y> T holds; if y> T and z > S hold, then y> R, 


where R is any term obtained from T by substitution of at most one free occurrence 
of z by S. By L(G, y) we mean the set of all closed terms which are generated from 
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y by grammar G; i.e., if ye +, then L(G, y)={TeCI(r)|y—> T}. It is easy to notice 
that if v> T and z> S hold, then y> T[z/S] holds. Let us assume that y>Tisa 
production and y,,..., v, are all free occurrences of nonterminal variables in the 
term T. Let yET, y,€7),....¥n€Tm- We say that this production determines a 
function @ :Cl(1,) x Cl(72) x > + - x Cl(7,) > Cl(t) defined by 


a(T,,...,T,)=Tlyi/T,....%./T,] for every closed term T, € Cl(7,), 
++, Tn E CIC). 


If there are no nonterminal variables in the term T, then the production y>T 
Getermines a 0-ary function (constant) T which belongs to Cl(7). 

We will use the lower case Greek letters a, 8, y, 5 for the names of such functions. 
Let us define a grammar G(r) for a given type 7. The construction of this grammar 
is analogous with the construction of the Huet matching-tree for the unification 
problem (see [4, Chapter 3.4, p. 37] with simplification for the Bn A-calculus in 
Chapter 4.5, p. 51). Let y be a nonterminal variable of type 7. For the type O, 
grammar G(O) is y=>>y. If «=7[1],...,7[n]>0, then the grammar contains all 
productions which are of the form: 

(i) YAX... XX if arg(7[i]) =0, 
(ii) yo>AxX,...X_XiT,... Th, if arg(7[i])=k>0, 
where T; € 7[i, j] for j<k are as follows: 

(ii1) T;=yx,...Xp iff arg(z[i, j]) =90, 

(ii2)  T,=AzZ,... Zpy'X,...XnZ,--. 2, iff arg(r[i j]) = p> 0, 


where y’ is a new nonterminal variable of type 7z[1],...,7[n]>7[i,j] and 
z, € T[i, j, s] for s = p. 

This construction is repeated for ali new nonterminal variables introduced in this 
step. 


Example 2.1. Let 7 be a following type ((O, O > O) > O)>(O > O). Let, as con- 
sidered, the following grammar be over NT = {y}. Types of auxiliary variables are 
the following pe (O, O> O)> O and x, v, zE O: 


(1): yp=>Apx.x, (2): y=>Apx.p(Avz.ypx), 
(3): y=>Apx.p(Avz.ypv), (4): y= Apx.p(Avz.ypz). 


Let a, B, y, ê be the functions determined by these productions respectively. The 
closed term of type 7 


Apx, .P(AX.X3.p(AX4X5.p(AXX7.X4))) 


can be obtained by means of productions (2), (3), (2), (1). This closed term can be 
presented as B° yo Ba. It is easy to prove that this grammar generates all ciosed 
terms of type r (cf. [12}). 
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Theorem 2.2. For every type r the grammar G(r) generates all closed terms of type rt. 


Proof. By induction on the complexity measure: Let T be a closed term of type 7. 
If T is a projection written in normal form, then T can be obtained by means of 
production (i). Let T=AX,...X XTi... T, where arg(t[i])=k and Te 
Ch 7[i, j], {x,,..., Xn}) for j£ k. Let S, be the term Ax, ...x,.7; for j < k. Every term 
S; belongs to Cl(z[1),..., 7[2]> 7(4,j]) for j< k. The complexity measure 7(S;) is 
less than (7) for every j < k. So, from the inductive assumption, every term S; can 
be obtained by this grammar from the following nonterminal variables: 


if [i j] =0, then y > S$; (case (ii1)), 
if [i,j] = T[i, 1]... ., 716i, p]> p, then y’'>S, (case (ii2)). 


Let œ be the function determined by production (ii). Therefore, the term T can be 
obtained by means oi production (ii) from the terms S,,..., Są and the condition 
a(S,,...,%-)=T holds. O 


Lemma 2.3. For every type r such that rank(r)<2 there is a finite grammar which 
generates all closed terms of type 7. 


Proof. Let += 7[1], 7[2],..., 7[m]->9. We will prove that the grammar G(r) is 
finite and according to Theorem 2.2 produces all closed term of type 7. The grammar 
contains all productions which are of the form: 


YAK, . o e Xp Xn if arg(7[i]}) =9, 


YAX,...X_XiT,... T) if arg(rli])= k> 0, where 
T; = yX,...X, for jS k. 


Grammars described here can produce any free structure. LJ 


Theore.n 2.4 (Zaionc [12}). For every type t such that rank(r) <3 and arg(7[i]) <1 
for every i<arg(r), there is a finite grammar which generates ail closed terms of this 
type (compare the notion of regular grammar introduced in (12]). 


An illustration of this case is presented in Example 2.1. 


3. Finitely generated sets 


For a given type r the set FUN(z) is defined as JZ, Cl(r' > 7). Two terms R 
and T from the set Cl(r'+7) are strongly equivalent, R = T, if, for every closed 
term S,,...,5;€Cl(r), RS,...S; =g, TS,...5;. If F is a subset of FUN(7), then 
by App(F) we denote the set of all compositions of members of F; i.e., App(F) is 
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a minimal subset of FUN(r) containing F, all projections Ax,...x,.x, such that 
x,€7 for jein], and containing all constant functions {.cm FUN(r) of the 
form AXx,...X,T where xer and TeCl(t) and closed for compositions. That 
is, if Te App(F) such that TeCl(r">7) and if S,,..., S € App(F) such 
that S,ECi(r“ > 7) for ie[n] and kieN, then term 
AXi oo Xm T(S Xa Xia) + e (Shna ++ Xing) belongs to App(F) for every j,,.€| 7] 
such that pé[n] and ge[k,]. 

The set FUN(7r) is finitely generated iff there is a finite set Fc FUN(r) such 
that, for every Te FUN(7), there is an Se App(F) such that T= S. 


Theorem 3.1 (Schwichtenberg [8] and Statman [9]). Set FUN(N) is finitely gener- 
ated where N=(O>0O)>(O->O). The set of closed terms of type N (Church’s 
numerals) can be naturally interpreted as numbers; the set of generators consists of 
terms which represents addition, multiplication, sq and sq (see [5, p. 223]). Therefore, 
the set FUN(N) represents the extended polynomials. 


Theorem 3.2 (cf. Starman [11, p. 24]). Set FUN(7,,), where T, is the type O” > O, is 
finitely generated for every néeN. 


Proof. From the functional completeness of n-valued propositional logic (cf., for 
example, [6] or [7]) and from the fact that there are exactly n closed terms of type 
Ta, the above theorem easily follows; Let the number ie[j be represented by the 
ith projection in the following way: i=Ax,...X,x;. The “erm Te Cl(ri> r) rep- 
resents the function f:[n]‘>[n] if, for all m,...,n,€[n], 
Tn; ... Ni = gnf (M, ..., ni). By induction on k we will prove that every function 
f:{n]* >[n] is represented. 

For k=1, the term Acx, ... X%,-CX3)-- - Xen) represents the function f:[n]>{n}. 
Now, suppose any k-ary function is represented. Let f be a (k+1)-ary function. 
By fi,- . -Jfa we denote the k-ary functions which are defined by 


GX 15066 Me) HLM, +s Xk JY for je{n]. 


So there exist terms 17;,...,T,¢Cl(7<>7) which represent f,,...,f, 
respectively. Therefore, function f is represented by the term 
NC} screen Xr os Nye CTC] ao eG eee Xy) eas (Ties Cy os Xn) 

For every n= 2, n-valued propositional logic is functionaliy complete, i.e., there 
is a finite number of functions which generate any function. The set of representatives 
of those functions form the base for FUN(7, ). For n = 1, the possible set of generators 
for FUN(7,) is Aux.x e Cl(7, > 7,). For FUN(79), the set of generators is empty. O 


Example 3.3. FUN(O, O > O) is finitely generated. A possible set uf generators is 
Apqxy.q( pyx)(pyy) and Apxy.pyx (p,qe(O,O>O) and x,yeO) if term Axy.x 
represent falsity and A.xy.y truth. The first term represents implication and the 
second negation in classical 2-valued propositional calculus. 
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4. Word functions 


In this section the set of word functions (2*)" > 2* for n= 1 is investigated. Let 
us distinguish the following functions recursively definable in Manna manner [14]. 
The function app:(2*)*?—> Z is the usual concatenation inductively defined by 


app(A,y)=y.  app(ax,y)=aapp(x,y), app(bx,y)=b app(x, y). 


The function sub: (>*)? > J is called ‘substitution’. The word sub(x, y, z) is obtained 
from x by substituting for all occurrences of the letter a the word y and for all 
occurrences of the letter b the word z. The definition is as follows: 


sub(A, y,z)=A,  sub(ax, y, z)=app(y, sub(x, y, z)), 
sub(b x, y, z) = app(z, sub(x, y, z)). 


The functions cut, and cut, extract maximal prefixes of the form a...a and b...b 
respectively and are defined by 


cut, (A) =A, cut,(a x) =app(a, cut,(x)), cut,(bx)=A, 
cut,(A) = A, cut,(ax)=A, 
cut,(b x) = app(b, cut,(x)). 

The functions sq, sq: 5* > =* are emptiness and nonemptiness tests: 
sq(A)=(0), sq(ax)=(1), sq(bx)=(1), 
sq(A)=(1), sq(ax)=(0), sq(bx)=(0). 


The functions occa, occ,:2*-> 2 check if the letter a or b respectively occur in a 
given word x and are defined by 


occ, (A) = (0), occ,(ax)=(1), occ,(bx) =occ,(x), 
occ, (A) = (0), occ,(ax)=occ,(x),  occ,(bx)=(1). 


The functions beg,, beg, : 2* > 2* which check if a given word begins with a or b 
respectively can be defined as 


beg, =sq° cuta, beg, = sq ° cuts. 


Let us now define the set Adef as a minima! set of word functions containing 
app, sub, cut,, Cuts, sq, sq, occ,, occ,, all projections, and all constant functions 
which are closed for compositions. By Adef(n) we denote a subset of Adef which 
consists of all n-ary functions from Adef. The set TEST is a subset of Adef(1) 
containing sq, sq, bega, sq ° bega, beg,, sq° begs, Occ,, SA ° OCC, OCC,, SG ° OCC. 

If n, meN, then by (n)®(m) and (n)®(m) we understand the words app((n), 
(m)) and sub((n), (m), A) respectively. Let us assume that x,¢ =* for ieN. The 
word O}, x; is defined by induction as 


1 k+1 k 
Xj =X, © = app( xeu, © x), 
i=1 i=i i=1 
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For all n, m, n,,...,,€N the following equalities hold: 
k k 
(n)@(om)=(n+ mm), (n)@(m)=(nm), $ (n)=( Fm), 


The class P(n, k) for n,k=1 of n-ary functions (2*)" > {(0), (1),...,(K—1)} is 
defined as a minimal class which contains all constant functions c(n,(j)) for 
jelk-—1] and is closed for the conditional choice rule; i.e., if p, qe P(n, k), ie[n] 
and f€ TEST, then the function s defined below belongs to P(n, k). 

P(x, eos » Xn) iff f(x) =Q), 
Q(X1,--+5%n) iff sq(f(x;)) = (1). 


A function obtained by the conditional choice rule can also be defined as 


s(x, e Xn) = f(x;)@ p(x, a) Xn) Osq( f(x))@ q(x, ...3 Xa). 


sf 


Lemma 4.1. P(n, k)c Adef(n). 

Proof. Inductively for the construction of pe P(n, k). For a constant function p it 

is obvious. If s is obtained from p, q by the conditional choice rule, then 
S(X1,--- Xn) =$(%)@ p(X, -3 XDS) DG,- - -y Xn). 


Therefore, s is a composition of basic functions and se Adef(n). O 


Lemma 4.2. Ij p, q, re P(n, k), then the function s defined below belongs to P(n, k). 


= P(X1,--+5%n) iff sq(r(x1,...,X,))=(1), 
renee ea iff sq(r(x),.-.,%))=(1). 


Proof. By induction on the construction of the function r. If r is a constant function, 
then s=p or s=q. Let us assume that the function r is constructed by means of 
ři, r from P(n, k) and f from TEST. Therefore, r has a form 


P(X... Xn) =S(M)@n(%1,-.-, Xn) Osq (Sf NOX, -- + Xn). 
Because of the inductive assumption we know thai iñe functions s,, 5. defined by 


P(%1,---5 Xn) iff sq(r,(x1,-.-%n)) = (1), 


nid ey iff SACCA, + + + %n)) = (1); 


(x x Ee eens iff sq(r2(x,,.--,;Xn)} = (1), 
Sitia nE Op. oa, Xn) HAE SACA, -+ + Xa)) = (1) 
belong to P(n, k). It is straightforward to verify that 

S( Xs ones Xn) = f(x,)©s,(x,, sey Xn Ds f(%))@ 54%, Sista) 


Then s belongs to P(n, k). O 
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Lemma 4.3. Let se P(n, k). The function s' defined by s'(x,,...,%»)=(i-1) if 
$(X1,-++5 Xn) = (i) (where i—1=i—1 fori>0 and 0 fori =0) belongs to P(n, k= 1). 


Proof. Inductively for the construction of s. It is easy to notice this fact in the case 
when s is constant. Let 


s(x, eee Xn) = f(x;)®@ p(x, sees Xn) Bsq( f(x;:))@ q(x, eeeyg Xn). 
Therefore, z- 
SXi,- -3 Xa) =F (Xj) @p'(M, ..-, Xn) Osq( f(x;))@Qq"(X1,..-,%) O 


5. Representability 


Type B= (O > 0)>((O7 O)>(O- O)) is called a binary word type because of 
the isomorphism between Cl(B) and %*. We define that a closed term of type B 
represents a word we 5* by induction in the following way; A is represented by 
the term Auvx.x. If we 5* is represented by the term WeCI(B), then words aw 
and bw are represented by terms Auvx.u( Wuvx) and Auvx.v( Wuvx) respectively. 
This constitutes a 1-1 correspondence between Cl(B) and *. The term which 
represents the word w is denoted by w. If H is a closed term of type B” > B, then 
we call H a A-word theoretic function. The function h:(3*)" > 5* is represented 
by the term He Cl(B" > B) iff, for all x,,...,x,€2*, Hx... Xn = h(X1,... p Xn). 
The term which represents the function h is denoted by hn o 

Let vs define the following terms with c, d, ee B, u, ve (O > O), x, ye O: 


“.PP = Acduvx.cuv(duvx), SUB = Acdeuvx.c(Ay.duvy)(Ay.euvy)x, 
CUT, = Acuvx.cu(Ay.x)x, CUT, = Acuvx.c(Ay.x) vx, 

SQ = Acuvx.c(Ay.ux)(Ay.ux)x, SQ = Acuvx.(Ay.x)(Ay.x)(ux), 

BEG, = Acuvx.c(Ay.ux)(Ay.x)x, BEG, =Acuvx.c(Ay.x)(Ay.ux)x, 
OCC, =Acuvx.c(Ay.ux)(Ay.y)x, OCC, =Acuvx.c(Ay.y)(Ay.ux)x. 


It is easy to verify that these terms represent the functions app, sub, cut,, cut,, sq, 
sq, bega, beg,, occ, and occ, respectively. 


Lemma 5.1. Every function h € A def(n) is represented by some A-word theoretic function 
H €Cl(B" > B) and, for x,,...x,¢€5*, the following condition holds: hx... x, = 
h(x,,..-,Xn)- a 


Proof. Basical functions are represented. If a function g:(2*)" > 5* is represented 
by a term GeCl(B" > B) and functions f,,...,f,:(2*)’ >= are represented by 
terms F,,..., Fa respectively, then the composition, i.e. the function (x,,..., Xp) > 
SO C EEEE Me TRE Sal Kiger Xp)) is represented by the term 


AC)... Cp. G(FiC,... Cp)... (FnC1 ... Cp). Therefore, all functions from Adef are 
represented. O 
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Let us define a type r(n, k) where n, k>1 by B", (O> O), (O> O), O" > O. Let 
f be a function (2*)" > 3* and let p be a function (2*)" > {(0),...,(k—1)}. We 
say that the pair (f, p) is represented by a term T € Cl(r(n, k)) if, for all w,,..., Wn, 
we S* and for every i¢[k—1], the following condition holds: 


S(w1,---, Wn) =w and p(w,,..., w,) =(i) 
iff TW, ... Wn = py AUVXk-1 . . . Xo. WUD). 
This condition can also be written as 
TW, ... Wn = py AUUX,-1-- Xo-(f(W1, - - -s Wn) ) UOX piwi., Wadd 


For k=1, the type r(n, k) is equal to B” > B. Therefore, this definition of repre- 
sentability is a generalization of the previous one in the type B” > B. 


Lemma 5.2. For every function pe P(n,k) there is a term TeCl(7(n, k)) which 
represents the pair (c(n, A), p). 


Proof. Inductively for the construction of p. If p is a constant function such that 
P(Wi,..., Wn)=(i) for every w,,...,W,€2* and ie[k—1], then the pair 
(c(n, A), p) is represented by the term Aw, ... w,UUX,_) ...Xo.X;. Let us assume that 
pairs (c(n, A), p) and (c(n, A), q) are represented by terms P, Qe Cl(7(n, k)) respec- 
tively. Let ie [n] and fe TEST. The function f is represented by F € CI(B > B) (see 
Lemma 5.1). Then the pair (c(n, A), s), where s is defined by the conditional choice 
rule 


S(X1,---%, Xn) =f (x) BPX., Xn) ®sq(f(x:))@ q(x, id iy Mn) 
is represented by the term 
Aw, ooo WnUUXk-1 =. Xo.Fw;,(Ay.Pw, oo WnUUXk-1... Xo) 


(Ay. Pw, ... WpUVXk-1 . . Xo) (Qw, .. . WnUUXk-1 » - - Xo). O 


Lemma 5.3. For every pe P(n, k) there is a term PeCl(r(n,1)) such that the pair 
(p, c(1, A)) is represented by term P. 


Proof. Since function p belongs to Adef(n) (see Lemma 4.1), p has a representation 
(see Lemma 5.4). O 


Theorem 5.4 (sc-undness). For every pair (w, p) such that w € Adef(n) and p € F{ñ, x) 
there is a term T €Ci(r(n, k)) which represents (w, p). 


Proof. Let p be a representative of the pair (c(n, A), p) (see Lemma 5.2) and w be 
a representative of the function w in type B” > B (see Lemma 5.1). The pair (w, p) 
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is represented by the term 


AC, >. © CqUUXp—1 - + © XQ-WCy . » © CyUd( PCy... CnUUVXk -1 -~ - Xo). 0O 


Theorem 5.5 (completeness). Every closed term T e Cl(7(n, k)) represents some pair 
(w, p) where we A def(n) and pe P(n, k). 


Proof. First we will construct the grammar G(7(n, k)) which generates all closed 
terms of type 7(n, k) (see Theorem 2.2) and then we will prove, by induction on 
the grammar construction of the term T, that T represents some pair. Let n be fixed. 
By y" we understand the variable of type 7(n, k). Let NT={y“|k=1}. We build 
up the productions in accordance with Theorem 2.2. Such a grammar consists of a 
denumerable set of productions which can be assembled in the four production 
schemas. We will prove by induction that if T represents some pair, then a new 
term obtained from T by some production also represents another pair. The grammar 
for type 7(n, k) is as follows: 


k k 
Qi Y =PAC, ... ChUUX,_ |... Xo-Xis 


k k : 
B YË AC] . -  CpUVXk -1 - . . Xo-U( YFC... Ch UUXk-1 . . . Xo), 
k k 
y Y =A... CnUVXk -1 ©. XQ. VY Cy... CnUVXk-1 -< . Xo), 


k k 
6; Y DAC)... ChUVXk-1 xo-G (Az. ytc we CnhUUXk 1 » . » XoZ) 
(AZ. y“ oe, 2... C UVXg 1 -© © XOZ) "Cy... CnUVXk-1 - . - Xo). 


a;is an element of Cl(r(n, k)). B* is a function from Cl(r(n, k)) to Cl(r(n, k)), y“ 
is a function from Cl(r(n, k)) to Cl(7(n, k)), and 5; is a function from Cl(7(n, k + 
1)) x Cl(r(n, k+1)) x Cl(r(n, k)) to Cl(7(n, k)). Now we will show that every term 
from Ci(7(n,k)) represents some pair (w,p). Element af represents a pair 
(c(n, A), c(n, (i))). If the term Te Cl(7(n, k)) represents a pair (w, p), then B*(T) 
and y*(T) represent pairs (app(a, w), pì and (app(b, w), p) respectively. 

The main part of this theorem wili be the proof of the following fact: If E, 
FeCi(r(n,k+1)) and GeCl(r(n,k)) represent some pairs, then the term 
5*(E, F, G) is also representative of a certain pair. The next part of this proof will 
be a construction of a pair for 5;(E, F, G) by means of word functions which are 
represented by E, F and G. Suppose we have three pairs of functions represented 
respectively by E, F and G. E represents pair (we, e), F represents pair (w,, f) and 
G represents (w,, g). Functions w,, wy, and w, are elements of the space Adef(n) 


and functions e, fe P(n,k+1) and ge P(n, k). Let us define a pair (w, p) as follows: 


8 
W(C1,---, Cn) = © sub(Aj(cy,..., Cn), Wi(C),.-.5 Cn), A), 
i=l 


© œ 


Pilt, ...3 Cn) = ; [Ai(c,, cong Cn) @ pi(cy, ...3 Cn) J, 


1 


i 
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where p, = 2, P2= 8, P3= 8, Pa=f, Ps= 8, Po= e's Pr =e’, and p= f'. Further, 
W1(€1,.-+5 Cn) = We(C1,--+5 Cn), 
W2(C,,.+-5 Cn) =app(sub(c,, w.(¢,,...5 Cn), We C1, ---5 &n))s 
Wy(C1,--+5Cn))s 

w3(C,,..., Cn) =app(sub(c;,, w.(c,,..., Cn), A), WelC1,--+5 Cn))s 

W4(C,,.--5 Cn) = app(sub(cut,(c;), we(C1,.--, Cn)y A), Wer, ~~ +5 Cn))s 

Ws(C,,---, Cn) =app(sub(c), A, We(C1,---5 Cn))s WelCis- +5 Cn))s 

We(C1,-++5 Cn) =app(sub(cut,(c;), A, We(C1, ~~. 5 Cn)), Wel Cry. -+5 Cn))s 

W7(C,,-. +5 Cn) = Wel C1, ~- +5 Cn), Wg(C1,---5 Cn) = We(C1,--+5 Cn). 

The A,’s are defined as follows: 

Alci,- Ca) = SACC), 

A2(C1,-- +5 Cn) =8q(¢) @sq(e(cy,..-5 Cn) @sq(f(c1,---5 Cn))s 

Alcris- +5 Ca) =84(G) @sq(e(er,..., Cn) @sq(f(er,..-5 n)) 
®sq(oce,(c)), 

Alci... Cn) =Sq(¢,)@sq(e(cy,.-., Cn))@sq(f(c1,..., Cn)) @oce,(g), 

As(C1,--+5 Cn) =Sq(c/)@sq(e(cy,.--, Ca))@sq(f(c1,.--5 Cn)) 
@sq(occ,(¢)), 

Ag(C1,-++5 Cn) =Sq(¢)@sq(e(c,,.--, Cn)) @sq(f(c1,---, Cn))@ocea(g), 

A7(Cy,-++5 Cn) =8q(G)@sq(e(cy,..-, Cn) @sq(f(c1,.--, Cn)) @beg.(G), 

Ag(c),---5 Gn) =8q(c)@sq(e(cy,.--, Cr) @sq(f(c1,.--, Cn)) @beg,(c). 


The functions A; for ie [8] describe complete and consistent set of conditions. It 
means that, for every c,,..., Cn, there is exactly one i sucti that Aj(c,,..., €n) =(1) 
and, for j# i, Aj(c,,..., C,)=(0). For example, A,(c,,...,¢,)=(1) means that c; 
is not empty, word e(c,,..., ¢,) is also not empty, word f(c,,..., €n) is empty, and 
a occurs in c. Functions p,,..., ps belong to P(n, k) (see Lemma 4.3). Function p 
is obtained from functions in P(n,k) by multiple application of Lemma 4.2; 
therefore, pe P(n, k). It is easy to notice that we Adef(n) (see Lemma 5.1). 

Now, let us check that the term 6 F(E, F, G) represents the pair (w, p). Let c1, ... , Cn 
be fixed words of 5*. We count out the application of the term 5;(E, F, G) to the 
arguments C,,..., Cn: 


8; (E, F, G)e,... Cn 
= gn ÀUVXk-1 -+ xXo-G (AZ. Ecı ee CnUUXk-1 +» Xoz) 


(AZ. Fey... Cy UVXp-1 «+ + XoZ)( Gey... Cn UOXK-1- ++ Xo) 
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now we make an a-conversion which changes x; to x+, for i¢[k—1] and variable 
z to Xo, and we obtain 
= py AUUX, « « » X1.C(AX9-Ecy .. -Cn UUX,. … X1 Xo)(AXo. Fe; . . -Cn VOX; - - XX) 
(Gey... C,UUX,.. . X1) 
from the inductive assumption that E, F, G represents pairs (w., e), (w, f), and 
(w,, g) respectively we obtain 
= gn AUUX,. .  X4 -C(AXp-We(C1, w+ ey Cn)UUX) o(e4,...4n)1) 
(AX .Wy(C g2e9 Cn) UVXI fc, eg cn) (Wel Cr, ...3 Cn)UVXi glc, dehy Cn) +1) 


then, according to the conditions described by the A; functions, we have 


AUUX,,. . . Xy.Wy (Cy, ~~ 5 Cu) UOX) eten... ena HE Al, ong Cn) =(1), 
AUUX,. . . Xy.W(C1, ~~~ 9 Ca) UDX) gte... ene HE Ao(Cr,..-5 Cn) = (1), 
AUOX, . . . Xy.W3(Cy, - + <, Cn) UDX 1 g(c,,...,cn))+1 UAE Az(Ci,---5 Ca) =(1), 


= gn ÀUVXp . . © X4 -W4( C1,- - +5 Cn) UDX] fte.. en UE Alc.. nn Cn) = (1), 
NUL; « » © X1 .W5(Cp, ~ ++ 5 Cn) UUX) g(c,,...,c,)+1 UE ACC.. On) = (1), 
AUUX 4... X1 -W6(C1, «++ Cu) VX ete... ep] I Agler,.--, Cn) = (1), 
UU; « »  Xy.W7(Cp,- ++ 5 Cu) UUX ete... en I Ar(C1,.--5 Cn) = (1), 
AUUX;,« . - Xy.WelCy,~ ++ 5 Cn) UVUXI fee.. eap IE Alci.. nn Cn) = (i) 


after parallel a-conversion which changes x;,, to x; for ie [k], we obtain functions 
Wi, pi and A; such as defined above 


ÀUVXk -1 - - - XQ-Wil Cy, «+ +5 Cn) UUXg(c,,...,c,)) IE Alc. Cn) = (1), 


ÀUVXk1 - - - Xo-Wa(Ci, «++ 5 Cu) UUX gce... en) IE ACi. ooa Cn) =(1), 
ÀUVXk—1 » - » XQ-W3(C1,~ ++ , Ca )UUX  g(c,,...,¢,)| UA Alci.. Cn) =(1), 
= Bn ÀUVXk 1 SE Xo.Wa(C1, ...}3 Cn )UVXI fee, eae cn)] iff A,(c1, wees Cn) = (1), 


ÀUVXk-1 - - - Xo-W5(C1, ~~~ 5 Cn) UUX) g(c,,...,c)} E As(C1,.--, Cn) = (1), 
NUUX 1.» Xo-Wel Cis + +5 Cn) UVX ece... en] UE Ao(Cr,---5 Cn) =(1), 
AUUX__1 «©» XQ-W7(C1,- ++ 4 Cn) UUX Lee... ep] UE Ar(ey,.-+5 Cn) = (1), 
AUUX, 1» - « Xo-W8(Ci, - -< , Cn) UUX) $(e,,...,c,)| UE Ag(Ci,--+s Cn) = (1) 


finally, according +- the definitions of w and p, we get 


green 


= pn AUUX; 1» Xy-W( Cr, « -> , Cn UUX| ptei... en) f° Oj 
Theorem 5.6. Every term T € Cl(B" > B) represents some function from the set Adef. 


Proof. This theorem is only a special case of Theorem 5.5. Type B” > B is equal to 
T(n, 1) so that term T represents some pair (w, p), where we Adef(n) and pe P(n, 1) 
(see Theorem 5.5). The set P(n, 1) consists f one function only, namely c(n, A). 
Therefore, T represents a pair (w, c(n, A)) in type r(n, 1), but this is equivalent with 
T representing w in B" > B. O 
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Theorem 5.7. FUN(B) is finitely generated. 


ta th th i i 
Proof. Let us show that the set of representatives of the distinguished word functions 


(see Section 4) is a base for FUN(B). Suppose T €e FUN(B). Term T represents 
some w € Adef (Theorem 5.6). If function w is a composition of functions from the 
base, then w is a combination of terms from the base. It is easy to check by induction 
on the construction of w that T=w. O 


Example 5.8. This example is designed to show the algorithm introduced in Theorem 
5.5 which, for a given term of type r(n, k), returns the pair of word functions 
represented by this term. The special case of type r(n, k) is the type B” > B when 
k=1. Let Te B > B be the term Acuvx.c(Az.ux)(Az.z)(vx) where ce B, u, ve (O > O) 
and x, z € O. The problem is to find the function 2* > 3* represented by this term. 
We can decompose the term using the grammar technique and obtain T = 5;(B7(a3), 
a2, y'(a))). Term a? is Acuvx,X9.x, which represents pair (c(1, A), c(1, (1))). Term. 
a2 = Acuvx,Xo.Xq represents pair (c(1, A), c(1, (0))). Term af = Acuvxy.xXo represents 
pair (c(1, A), c(1, (0))). Using Theorem 5.5 we can easily find the representation 
for B?(a?). This term represents pair (c(1, a), c(1, (1))). Term y'(a}) represents pair 
(c(1, b), cv, (0))). 

The main part is the construction of a representative for 5;(B7(a7), a3, y'(a6)) 
by means of representatives of previous terms. We have three pairs w, = c(i, A), 
f=c(1,(0)); w.=c(1, a), e=c(1,(1)); w, =c(1, b), g=c(1, (0)) such that (w., e) 
is represented by 87(a?), (wp, f) is represented by a4, and (wz, g) is represented by 
y'(aq). According to the construction in Theorem 5.5, the pair (w, p) is defined as 


w(e)= Ə sub(Ai(c), we), A), ple)= O [Ae ®p.(0)] 


where the functions 
Aj(c)=sq(c),  A(¢) = A3(c) = Ag(c) = A7(c) = Ag(c) = (0), 
A,(c)=sq(c)®sq(oce,(c)) and A,(c)=sq(c)@occ,(c). 
It is sufficient to find p; and w; only for this i which has A;,(c) # (0). Therefore, 
w,(c) = w,(c) = b, 
ws(c) = app(sub(c, A, w,(c)), w,(c)) = app(sub(c, A, A), b) = b, 
We(c) = app(sub(cut,(c), A, w;/(c)), we(c)) = app(sub(cut,(c), A, A), a) = a. 
Functions p; are 
pi(c)=g(c)=A,  ps(c)=g(c)=(0), — pec) = e'(c) = (0) 
so that the function w is as follows; 
w(c) = app(sub(sq(c), b, A), app(sub(sq(c)®@sq(occ,(c)), b, A), 
sub(sq(c)®occ,(c), a, A))). 


14 M. Zaionc 


Roughly speaking, the function w can be described as: 


b iff c=A, 
w(c)=4 a iff c# A and c includes the letter a, 
b iff c# A and c does not include the letter a. 
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